Using a geometric measure of entanglement quantification based on Euclidean distance of the Hermitian matrices [1], we obtain the minimum distance between a bipartite bound entangled nqudit density matrix and the maximally mixed state. This minimum distance for which entangled density matrices necessarily have positive partial transpose (PPT) is obtained as
I. INTRODUCTION
Characterization of entanglement is of deep interest in the field of quantum information and quantum computation [2] [3] [4] . As is well known there are two types of entangled states: distillable and non-distillable [5] . Distillable entangled states find application in quantum technology: quantum teleportation [6, 7] ,quantum error correction [8, 9] , quantum cryptography [10] [11] [12] etc. The other class of entangled states that cannot be distilled is called bound entangled states, which has found application in steering and ruling out local hidden state models [13] . The Peres-Horodecki criterion provides a necessary and sufficient condition for separability in 2⊗2 and 2 ⊗ 3 dimensions. It fails to identify separable states in higher dimensions. Using this criterion, one can only identify the states that have positive partial transpose (PPT) in higher dimensions. By definition, such states are definitely bound entangled states [14] . There was no straightforward method to separate bound entangled states as a class. A deeper understanding of these class of states is thus of high importance both from fundamental and application perspectives.
There have been various approaches to analyze the geometry of the quantum state space [15] [16] [17] and entan- * shreya93ban@gmail.com † 13me121.aaryaman@nitk.edu.in ‡ panigrahi.iiser@gmail.com glement measures based on geometry [1, [18] [19] [20] [21] . Geometry has also been used in quantum computation to form new algorithms on [22, 23] . Recently quantification of entanglement has been carried out from a geometric perspective, for general n qudit states [1] . There is also another approach using wedge product which manifests naturally in a geometric setting [24] . This geometric approach makes essential use of the fact that measurement of a subsystem of an entangled state necessarily affects the remaining constituents in contrast to separable states. Using the geometry of N = d n -dimensional positive semidefinite matrices, here we establish a criterion for arbitrary dimensions for separating PPT bound entangled states. Interestingly this class of states can be associated to almost every pure entangled states [25] . Previously the lower limit for separable states has been established in ref. [1] . As is well known the PPT criterion is useful for dimensions less than equal to 6. Here we provide the geometric lower bound for arbitrary dimensions within which every state is PPT. For dimensions greater than 6 it gives the minimum distance from the maximally mixed state for which a state is bound entangled.
The paper is organized as follows: Sec. II describes classification of states based on their partial transpose and the general geometry of density matrices. The spectrum of the partially transposed matrix of a pure state is discussed in Sec. III. In Sec. IV the boundary of the PPT bound entangled states have been calculated along with an alternate proof of the non-emptiness of the PPT bound entangled states. We then conclude in Sec. V with directions for future work.
II. CLASSIFICATION AND MEASUREMENT BASED GEOMETRY OF N DIMENSIONAL DENSITY MATRICES
A general state ρ acting on H A ⊗ H B can be written as [26] ,
with its partial transpose defined as,
Here I ⊗ T (ρ) is the map that acts on the composite system with Identity map acting on system A and transposition map acting on B. ρ is called PPT if its partial transpose ρ T B is a positive semi-definite operator. If ρ T B has a negative eigenvalue, it is called NPT. It is known from Peres-Horodecki criterion that for 2 ⊗ 2 and 2 ⊗ 3 dimensions, all PPT states are separable and all NPT states are entangled. For arbitrary n ⊗ m dimensions, some PPT states show entanglement,whereas all NPT states are necessarily entangled [26] .
For a bipartite state ρ , acting on H = H A ⊗ H B and for an integer k ≥ 1, ρ is k-distillable if there exists a (non-normalised) state |ψ ∈ H ⊗k of Schmidt-rank at most 2 such that,
ρ is distillable if it is k-distillable for some integer k ≥ 1 [14] . If a state ρ is PPT, it is non-distillable, hence entangled PPT states have no distillable entanglement. Such states are called PPT bound entangled states. All distillable entangled states are NPT. The converse may not hold, i.e. if all NPT states are distillable or not. It is believed that the converse does not hold [14] .
The Euclidean distance between any two Hermitian matrices ρ and σ is given by [1] ,
The set of all density matrices of order N is considered as a convex compact set embedded in the closed (N 2 − 1) ball B Using this geometry, it has been shown that the set of all n qudit density matrices, whose distance from I N is less or equal to
A bipartite n qudit density matrix ρ with bi-partitions A-B is considered. To find out the separability criterion for ρ, a measurement on one of the bipartitions is done [1] . Then one checks if both the post-measurement reduced density matrices ρ A and ρ B localizes to the simplices of corresponding dimensions. The distance between the re-duced density matrices and the centre of the closed ball homeomorphic to the corresponding simplex is measured using Eq. 3 and if it lies within the bound given in ref.
[1] then it is certainly separable. A similar approach has been used in [24] where a bipartite n qudit pure state is projected in a basis consisting two orthonormal bases to check the separability of the state.
A subset S of a vector space V is called a cone if ∀x ∈ C and positive scalar α, αx ∈ C. A cone C is called a convex cone if αx + βy ∈ C.
The defining property of the set of all N × N positive semidefinite matrices P is that the scalar x T x is positive for each nonzero coloumn vector x of N real numbers. If P be the set of all symmetric positive semi-definite matrices, then ∀X, Y ∈ P and α, β > 0,
The set of the symmetric positive semidefinite(PSD) matrices of order N × N forms a convex cone
A few interesting properties of this cone are, (a) it has non-empty interior containing positive definite matrices which are full rank, (b) on the boundary of the cone the singular positive semidefinite matrices with at least one eigen-value zero lie.
The origin of this cone is identified as the only matrix with all eigenvalues zero which is equidistant from each point on the surface of the B N 2 −1 ball.This is only possible when the ball is embedded in a subspace of the cone. The intersecting region of the ball and the cone is then in a dimension N − 1.
Taking a transposition of one of the subsystems if the post-transposition density matrix lies within the cone formed by the positive semidefinite matrices, then they are assumed to be PPT.
Each N ⊗ N positive semidefinite matrix is associated with a quadric. One can represent a diagonalised symmetric matrix of order 2 ⊗ 2 as a conic using the characteristic equation of the matrix. Let us consider the matrix a 0 0 b where a is an eigenvalue of the matrix with respect to the eigenvector
The corresponding equation of conic will be,
Each positive definite diagonalised matrix in 3 ⊗ 3 dimension will form an ellipsoid and each positive semidefinite matrix will either be a set of intersecting planes or parallel planes. The origin with all three eigenvalues zero will give a point.
The set of n qudit density matrices is represented by convex sets homeomorphic to a closed ball of radius R centred at the maximally mixed state, the identity matrix of d n ⊗d n dimension. Expectedly this contains entangled states with positive and negative partial transpose. If the partial transpose of a density matrix is positive, then it will lie within the S N cone. Now the minimum distance of the S N cone from the maximally mixed state placed at the centre of the B N 2 −1 ball is the distance for which the density matrix would definitely be PPT.
III. SPECTRUM OF THE PARTIALLY TRANSPOSED MATRIX OF A PURE STATE
The spectrum of the partial transposition of a pure state has been given in [27] . We consider the density matrix of a pure state ρ = |ψ ψ|.
The Schmidt decomposition of |ψ ∈ H = H m ⊗ H n is given by,
where |e i ⊗ |f i forms a bi-orthogonal basis, i.e., e i | |e j = f i | |f j = δ ij and 0 ≤ α i ≤ 1 along with
The partial transposition of ρ, ρ T B has eigenvalues, α 
IV.

A. DISTANCE OF THE PARTIAL-TRANSPOSE OF A N DIMENSIONAL MATRIX FROM NORMALISED IDENTITY
We consider a bipartite n qudit density matrix ρ. If the partial transpose of ρ, ρ T B is positive semidefinite, then ρ is PPT. One can infer that the minimum distance between S N cone and the centre of the B N 2 −1 ball is the lower limit of the distance between ρ T B and the maximally mixed state.
Any density matrix ρ of order N × N can be written as [29] ,
where p ∈ [0, 1]; P ψ is a pure state and ρ // any density matrix.
Partial transpose followed by diagonalisation of Eq. 6, yields,
where σ T B is the diagonalised partial transpose of ρ,
/ is the diagonalised partial transpose of P ψ and (σ T B ) // is the diagonalised partial transpose of ρ // . As σ T B is diagonal, it is also symmetric. Therefore if σ T B is positive semi-definite or positive definite, it lies either on the boundary of the convex cone S N or inside it.
We consider the Euclidean distance between σ T B and normalised identity of order N:
One obtains from Eq. 8,
Substituting the value of σ T B from Eq. 7 and using the spectrum of the partially transposed matrix of a pure state,
where λ j is the jth eigenvalue of the matrix (σ T B ) // , i corresponds to the only surviving eigenvalue of the partial transposed matrix of the pure state, (σ T B ) / and p m is the maximum value of the parameter p.
Werner states of N ⊗ N dimensions can be written as [1] ,
where p ∈ [0, 1]; P ψ is a pure state and I N is the normalised Identity matrix of order N.
The normalised identity of order N is the partial transpose of itself. Substituting the values of λ j and λ in Eq. 10 considering λ j as the eigen value of I N one can have the distance of the partially transposed Werner states from the maximally mixed states as,
where p m is the maximum value of the parameter p. Calculating the distance between ρ w and normalised identity using Eq. 3, we reach to Eq. 12 for the distance of partially transposed Werner states from the maximally mixed states.
B. MINIMUM DISTANCE FOR WHICH A STATE WOULD BE PPT BOUND ENTANGLED
We consider a density matrix of order 4 and bipartitions 2 ⊗ 2. In this case there is no boundentanglement as the PPT criterion is necessary and sufficient for separability for 2 ⊗ 2 systems. If the density matrix is PPT then the partial transpose of the matrix will lie within the cone S 4 of all positive semidefinite matrices of order 4. The set of all density matrices is homeomorphic to the closed ball B 15 and the cone S 4 intersects it in a 3-dimensional space. The boundary of S 4 is formed by positive semidefinite matrices of order 4, which are a set of parallel planes and in their 2 dimensional projections they form a set of parallel lines (x 2 = a 2 , where a is a non-zero eigenvalue of the system) or a set of intersecting lines ( The equation of the intersecting lines is,
where a and b are eigenvalues of the corresponding system.
Equation 13 reduces to, . IB is the minimum distance of the cone from the maximally mixed state.
The slope of the line OA is given by,
The minimum value of b a is,
and minimum value of IB is obtained as,
In this case the intersecting part of the S 4 cone and the B 15 ball is the intersecting part of a 3-d image of the cone and the B 3 ball, which is a Bloch sphere. Hence each matrix in the intersection is a density matrix. Therefore,
and,
The ratio at which this value of IB cuts a proper radius of B 15 ball corresponds to the value of p m for Werner sates. This value is given by,
PPT criterion is necessary and sufficient for separability in a bipartite 2 ⊗ 2 systems. Following that a 4 dimensional state is absolutely separable if it lies within a distance of 1 3 R of the maximally mixed state. This result matches with the separability criterion known for the 4-qubit Werner states [1] .
For higher dimensions PPT criterion is not sufficient for separability. Instead, the criterion helps us to detect bound entangled states. For N dimensional states the cone of all PSD matrices intersects the B N 2 ball in N − 1 dimensions. Considering the geometry of diagonalised PSD matrices of N − 1 dimensions one can say that they are associated with either N / dimensional ellipsoids that form the curved surface of the cone where 3 ≤ N / ≤ (N − 3) or intersecting lines that give the boundary of the cone or intersecting planes which denotes the points where the cone cuts the ball.
Considering the intersecting lines, we have the minimum distance IB of the boundary of the cone from the maximally mixed state as,
This minimum distance satisfies the following inequalities:
and, 
Comparing this distance with the distance found from Eq. 10, one can determine if a state is absolutely PPT bound entangled. The value of parameter p for which the Werner states of N dimension will be PPT is also obtained as, (27) This is the maximum value of parameter p for which the partially transposed matrix of any density matrix of order N lies within the convex cone formed by the positive semidefinite and positive definite matrices. The distance of any density matrix ρ of order N from I N is given by,
. For ρ to be definitely PPT, the maximum distance of ρ from I N is,
The bipartite 2 ⊗ 2 systems have a different value of the distance due to the fact that there the cone cuts the closed ball at a dimension where the intersection part lie inside a Bloch sphere. All the points inside the sphere represent a quantum state, which is not true for the higher dimensional case.
For n qudit density matrices, all matrices within the distance are PPT bound entangled. Using the definition of 1-distillable entangled states [21] , one can infer that no 1-distillable entangled states lie within this distance. The states within this distance are necessarily PPT bound entangled. This proves the non-emptiness of the set of such states.
V. CONCLUSION
In summary, we have used a measurement based geometric approach to check if the partial transpose of a n qudit density matrix gives all non negative eigenvalues. It has been shown that all the density matrices within the distance
from the maximally mixed state have a positive partial transpose. The precise distance for which a Werner state is PPT bound entangled has also been found. As the lower limit for distance between maximally mixed state and a separable state [1] is less than the distance between a PPT bound entangled state and the same found here, one can conclude that the set of PPT bound entangled states is non-empty. This limit also applies as a geometrical lower bound for 1-distillable entangled states. The method provided here may find use to calculate the limits for k-distillable states and the NPT bound entangled states.
